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HOMOTOPY-INITIAL ALGEBRAS IN TYPE THEORY 

STEVE AWODEY, NICOLA GAMBINO, AND KRISTINA SOJAKOVA 


Abstract. We investigate inductive types in type theory, using the insights provided by ho- 
motopy type theory and univalent foundations of mathematics. We do so by introducing the 
new notion of a homotopy-initial algebra. This notion is defined by a purely type-theoretic 
contractibility condition which replaces the standard, category-theoretic universal property in¬ 
volving the existence and uniqueness of appropriate morphisms. Our main result characterises 
the types that are equivalent to W-types as homotopy-initial algebras. 


Introduction 

Inductive types, such as the type of natural numbers and types of well-founded trees, are one of 
the fundamental ingredients of dependent type theories, including Martin-Lof’s type theories [5S] 
and the Calculus of Inductive Constructions [71 [TO]. In the present work, we investigate inductive 
types using the insights provided by homotopy type theory m and univalent foundations of 
mathematics |32j . 

As an introduction to the general problem that we will investigate, let us consider the case 
of the type of natural numbers. Its elimination rule can be seen as the propositions-as-types 
translation of the familiar induction principle: 

a;: N h E(a;): type c:E{0) x : N, y: E {x) \-d{x, y): E {succ{x)) 

- (E) 

a;: N h elim(a:, c, d): E{x). 

As is well-known, the special case of the rule (|E| obtained by considering the dependent type 
in its premiss to be constant provides a counterpart of the familiar principle of defintion of a 
function by recursion: 


A: type c:A y:Ahd(y):A 
a:: N h rec(a:, c,d):A. 


(R) 


This rule is closely related to Lawvere’s notion of a natural number object in a category [20) . 
Indeed, it allows us to define a function f :N —)■ A such that the following diagram commutes: 



Within type theory, the commutativity of the diagram is expressed by judgemental equalities 
/(O) =c:A, a:: N h /(succ(a:)) = d(f(x)): A , 
which can be proved as a special case of the computation rules for N. 
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In the notion of a natural number object, however, one not only requires the existence of 
such a function /, but also its uniqueness. Remarkably, within type theory, it is possible to 
use the elimination rule (© to show that such a function / is unique up to a pointwise propo¬ 
sitional equality, i.e. that given another function g: N —>■ A making the corresponding diagram 
commute, there are propositional equalities (j)x '■ IdA^fx, gx) for every a::N. This suggests the 
possibility of characterizing inductive types, such as the type of natural numbers, by means 
of standard category-theoretic universal properties. Unfortunately, this seems to be possible 
only in the presence of additional extensionality principles such as the equality reflection rule 
(which forces propositional equality to coincide with judgemental equality) [121 [Ml [26]. Without 
these principles, the uniqueness up to pointwise propositional equality of the functions defined 
by recursion does not seem to be sufficient to derive the elimination and computation rules for 
inductive types. Indeed, the elimination rules imply not only the existence of pointwise propo¬ 
sitional equalities, as above, but also their essential uniqueness, expressed by a system of higher 
and higher propositional equalities whose combinatorics are difficult to axiomatize directly. 

The aim of this paper is to solve this problem using ideas inspired by the recent connections 
between type theory, homotopy theory and higher-dimensional category theory mil ?,[IHl[2g, 
which are at the core of homotopy type theory (SD] and Voevodsky’s univalent foundations of 
mathematics programme m- Our analysis focuses on well-ordering types (W-types for short), 
which can be easily characterized as initial algebras for polynomial functors within extensional 
type theories mna 113126]. Our results show that in the system under consideration, a type is 
equivalent to a W-type if and only if it is a homotopy-initial algebra for a polynomial functor. 
The notion of homotopy-initial algebra, which we introduce here, is intended as a generaliza¬ 
tion of the standard category-theoretic notion of an initial algebra, obtained by replacing the 
usual existence and uniqueness requirements by asking for the contractibility of suitable types 
of algebra morphisms. The notion of homotopy-initial algebra is entirely type-theoretic, but it 
is inspired by ideas of higher-dimensional category theory, where standard category-theoretic 
universal properties are generalized using the topological notion of contractibility [13 • Although 
we do not consider the semantics of homotopy-initial algebras in this paper, we expect it to be 
given by homotopy-invariant versions of initial algebras for polynomial functors (cf. [3). 

As part of our development, we also establish several results that do not have counterparts 
in the extensional setting. For example, we show how the elements of the identity type between 
two algebra morphisms are essentially type-theoretic counterparts of the notion of an algebra 2- 
cell [3 ■ This surprising fact provides further evidence for the idea that the rules for identity types 
encapsulate higher-dimensional categorical structure [3113. We also analyze the complexity of 
the types of proofs that a given type is homotopy-initial, showing that it is a mere proposition, 
i.e. a type of homotopy level 1 [32] . Finally, we show that, under the assumption of Voevodsky’s 
univalence axiom, a version of univalence also holds for algebras and that such algebras, when 
they exist, are essentially unique, i.e. unique up to a contractible type of propositional equalities. 
It may be noted that, because of the higher-dimensional structure provided by identity types, 
polynomial functors may acquire further aspects, not present in the extensional setting (cf. [19]1. 

Our development can be extended without difficulty to other kinds of inductive types, such as 
coproducts A + B and the natural numbers N. In fact, in order to illustrate our ideas, we begin 
the paper by considering the simpler case of the type Bool of Boolean truth values, establishing 
analogues of the results proved later for W-types. 

Some of the results presented here were announced in our extended abstract [3, and are 
summarized in the book m- The present paper expands the material outlined there by including 
not only all of the omitted proofs (which requires the statement of auxiliary lemmas), but also a 
new, more algebraic treatment of the elimination and computation rules for inductive types, as 
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well as an analysis of the complexity of the type of proofs that a type is homotopy-initial, and 
an investigation of the further consequences of the univalence axiom. 

Formalization. All the results in this paper have been formally verified using the Coq proof assis¬ 
tant. The formalization files, which build on the existing libraries for homotopy type theory and 
univalent foundations of mathematics, are available from the third author’s GitHub repository: 
https://github.com/kristinas/hinitiality 

Organization of the paper. Section [T] reviews all of the preliminaries necessary to read the paper 
and introduces the type theory T-L which will provide the background theory for our investigations. 
The rest of the paper is divided in two parts. The first part considers the type Bool. We begin 
in Section [5] by defining the notions of a bipointed type, bipointed morphism, fibered bipointed 
type, bipointed section analyzing homotopies between morphisms and sections in terms of identity 
types. We also discuss the notion of equivalence between bipointed types. Section |3] introduces 
the notions of inductive bipointed type and homotopy-initial bipointed type, so as to arrive at the 
main results, characterizing Bool up to equivalence and exploring consequences of the univalence 
axiom. The second part, which comprises Sections 0] and O proceeds in parallel with the first 
part, but with algebras for a polynomial functor instead of bipointed types. This second part 
forms the main contribution of the paper, while the first part provides a simpler setting in which 
to introduce the new concepts and methods of proof. The formal structure of the two parts is 
intentionally parallel, in order to guide the reader through the more difficult, second part. 

1. Homotopy-theoretic concepts in type theory 

Review of type theory. The type theories considered in this paper are formulated using the 
following four forms of judgement: 

A : type , A = B : type , a: A, a = b:A. 

We refer to the equality relation in these judgements as judgemental equality, which should be 
contrasted with the notion of propositional equality defined below. Each kind of judgement 
can also be made relative to a context of variable declarations T, e.g. T h A: type. However, 
when stating deduction rules we may omit the mention of a context common to premisses and 
conclusions of the rule, and we make use of other standard conventions to simplify the exposition. 

We begin by introducing a very basic version of Martin-Lbf’s type theory, denoted by M.. 
This type theory has rules for the following forms of type: 

{'Ex:A)B{x), (Jlx-. A)B{x), ld^(a, &), U. 

The rules for these types are recalled in Tables [Tl[51|3] and 01 respectively. The rules are as in [55], 
except that the rules for the type universe U are stated a la Russell for simplicity. As usual, we 
refer to an element of the form appearing in the conclusion of an introduction rule as a canonical 
element. 

Let us establish some notation and recall some basic facts and terminogy. First of all, 
for / : (Ha;: A)B{x) and a : A, we write /(a) or fa instead of app(/, a). We may also write (a, b) 
instead of pair(a, b) to denote canonical elements of E-types. Given types A and B, the product 
type A X B and the function A ^ B are defined via E-types and H-types in the usual way. As 
is standard, we let A ^4- R =def (A —>■ H) x (R —>■ A). The rules for E-types allow us to derive 
the rules for projections 


c: {TiX : A)B(x) c: {T,x : A)B{x) 


TTi (c): A 


7r2(c) :H(7ri(c)). 




x: A\- B{x): type 
(Sx : A)B{x): type 


a\A b{a):B{a) 
pair(a, b): (Ex : A)B{x) 


z : (Ex : A)B{x) h E{z): type x:A,y: B{x) h e(x, y ): i?(pair(x, y)) 
z : (Ex : A)B{x) h split(2;, e) : E{z) 

z : (Ex : A)B(x) h E(z): type x:A,y: B(x) h e(x, y ): i?(pair(x, y)) 
x:A,y: B(x) h split(pair(x, y),e) = e(x, y ): E(p^\r(x, y)) 


Table 1. 

Rules for E-types. 

x:A\- B(x) : type 

x-.A'r b(x ): B(x) 

(fix : A)B(x) : type 

(Ax : A)b(x): (fix : A)B(x) 

/ : (fix : A)B(x) a : A 

x:A\- b{x): B(x) 

app(f, a) :B(a) 

app((Ax : A)b{x),a) = b{a): B(a) 


Table 2. Rules for Il-types. 



Table 3. Rules for Id-types. 



Table 4. Rules for the type universe U. 


We say that two elements a,b:A are propositionally equal if the type ldyi(a, &) is inhabited 
and write a = b to denote this situation. The rules for E-types allow us to prove the following 
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propositional form of the ? 7 -rule for E-types: 

c: (Ex : A)B{x) 

77c : ld(c, pair(7ri(c),7r2(c))). 


( 1 . 1 ) 


This rule asserts that every element of a E-type is propositionally equal to one of canonical form. 
Note that neither A4 nor H include the judgemental form of the ry-rules for E-types, as is done 
in [14]. The presence of the type universe U allows us to define the notion of a small type: as 
usual, we say that a type A is small if it is an element of the type universe, i.e. A:\J. 

We write for the extensional type theory obtained from A4 by adding the following rule, 

known as the identity reflection rule: 

P-\dA{a,b) 
a = b: A. 


This rule collapses propositional equality to definitional equality, thus making the overall system 
somewhat simpler to work with, but makes type-checking undecidable m- For this reason, it 
is not assumed in the most recent formulations of Martin-L6f type theories m or in automated 
proof assistants like Coq [7]. Rather than working in we work in a weaker extension of A4 

which we now describe. 


The type theory 77. The type theory 77 which will serve as the background theory for our 
development extends the type theory At described above with two additional rules. The first 
additional rule is a judgemental form of the ? 7 -rule for Il-types: 

/ : (fix : A)B{x) 

- — --- (1.3) 

/ = (Ax : A)app(/, x): (Rx : A)B{x). 

An immediate consequence of this rule is that we can identify a family of small types, given by 
a dependent type x: A h i7(x): U with functions 7?: A —>■ U. In the followiing, we shall refer to 
both of these as small dependent types. The second additional rule is the function extensionality 
axiom, which is considered here with propositional equalities: 

/:(nx:A)R(x) g:{IVx: A)B{x) x : A \-: \dB{x){f{x), g{x)) 

- (1.4) 

funext(/,g,a): \d(^uxA)Bix){f, g) ■ 

Note that 77 does not have any ground types apart from the type universe U. This is because 
these type theories are intended as background theories for our study of inductive types. The 
type theory 77 does not include any global extensionality principles, like the identity reflection 
rule, the K rule, or the uniqueness of identity proofs (UIP) principle [53]. This makes it possible 
for 77 to have not only straightforward set-theoretic models (where those extensionality principles 
are valid), but also with homotopy-theoretic models, such as the groupoid model [1^ and the 
simplicial model |18| . in which the rules of 77, but not the extensionality principles mentioned 
above, remain valid. Indeed, 77 is a subsystem of the type theory used in Voevodsky’s univalent 
foundations of Mathematics programme |32] . In particular, the function extensionality axiom 
in (El) is formally implied by the univalence axiom [31] (using the fact that function extension¬ 
ality, as stated in (El, follows from its special case for function types). But, in contrast with the 
univalence axiom, the function extensionality axiom is valid also in set-theoretic models. Uses 
of the uni valence axiom will be explicitely noted. 

We write 77®’'* for the extension of 77 with the identity reflection rule in (II.2p . 

Remark. Our results continue to hold when the judgemental 77 -rule for Il-types in (11.311 is weak¬ 
ened by replacing the judgemental equality in its conclusion with a propositional one, which 
is derivable if Il-types are defined as inductive types, as done in m- However, since some of 
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our proofs can be simplified in its presence and the current version of the Coq proof assistant 
assumes the rule we prefer to work with it in order to keep our presentation simpler and 

more faithful to the formalization. 

Homotopy-theoretic notions in type theory. For the convenience of the reader, we review 
some ideas developed in more detail in [30l|3T]. First of all, we will frequently refer to elements 
of identity types of the form p: ld^(a, b) as paths (from a to b in A). By the Id-elimination rules, 
for every dependent type 

x:A\-E{x):type, (1.5) 

a path p: ld. 4 (a, b) determines the so-called transport functions 

p \: E{a) —>• E{b ), p* : E{h) —t E{a). 

These are defined so that, for x:A^ the functions refl(a;)! and refl(a::)* are the identity function 
1 e(x) ■ E{x) E(x). In order to emphasize the fact that dependent types are interpreted as fibra- 
tions in homotopy-theoretic models, we sometimes refer to a dependent type as in (lEsl as a fibered 
type over A. Accordingly, elements of the type (Ha::: A)E(x) may be referred to as sections of the 
fibered type. This terminology is supported by the fact that a section / : (Ha;: A)E{x) determines 
a function f :A ^ E', where E' =def (Sa:: A)E{x), defined by /' =def (Ax : A)pair(x, fx), which 
is such that 7ri/'(x) = x for every x: A. We represent such a situation with the diagram 

E' 

A. 

Let us now review the notion of an equivalence of types. In order to do this, we need some 
auxiliary notions. Recall that a type A is said to be contractible if the type 

iscontr(A) =def (Ex : A){Ily : A)\6a{x, y) (1.6) 

is inhabited. The type iscontr(A) can be seen as the propositions-as-types translation of the 
formula stating that A has a unique element. However, its homotopical interpretation is as 
a space that is inhabited if and only if the space interpreting A is contractible in the usual 
topological sense. Next, we define the homotopy fiber of a function f : A ^ B over y: B a,s the 
type 

hfiber(/, y) =def (Sx : A) Idsifx, y ). 

A function f: A ^ B is then said to be an equivalence if and only if all of its homotopy fibers 
are contractible, i.e. the type 

isequiv(/) =def (Hy : B) iscontr(hfiber(/, y)) 

is inhabited. For types A and B, the type Equiv(A, B) of equivalences from A to H is defined so 
that its canonical elements are pairs consisting of a function f : A ^ B and a proof that it is an 
equivalence, i.e. we let 

Equiv(A, B) =def (S/ '.A^ B) isequiv(/). (1.7) 

We write A ~ i? if there is an equivalence from A to B. For example, the well-known HE- 
distributivity, which is sometimes referred to as the type-theoretic axiom of choice [25) . can be 
expressed as an equivalence 

(Hx : A)(Ey : B{x))E{x, y) cs (Em : (Hx : A)B{x))(Ilx : A)E{x, ux) . (1-8) 

It can be shown that a function /: A —>■ H is an equivalence if and only if it has a two-sided 
inverse, i.e. there exists a function g-.B^A such that the types ld(y/, lyi) and \d{fg,lB) are 
inhabited. However, the type of equivalences is not equivalent to the type of functions with a 
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two-sided inverse as above, but instead (as suggested by Andre Joyal) to the type of functions 
that have a left inverse and a right inverse, i.e. functions g-.B^A and h: B ^ A such that the 
types ld(g/, 1 a) and ld(//i, 1^) are inhabited. More precisely, for every f: A ^ B, there is an 
equivalence 

isequiv(/) ~ ((E 5 : B A)\d{gf, 1a) x (S/i: B - 5 > A)\d{fh, 1b)) . (1.9) 

For our purposes, the idea of equivalences as functions with a left and a right inverse will be 
most easily generalized when we consider types equipped with additional structure. 

Because of the presence of the principle of function extensionality in H, identity types of func¬ 
tion types and of Il-types admit an equivalent description in terms of the notion of a homotopy, 
which we now review. For f ,g : (Ha;: A)B{x), the type of homotopies between / and g is defined 
by letting 

Hot(/,5) =def (Bx : A)\dB{x){fx,gx). 

We sometimes write a: f g rather than a : Hot(/, 5). 

One of the key insights derived from the homotopy-theoretic interpretation of type theories 
is that the notion of contractibility in (fra can be used to articulate the world of types into 
a hierarchy of so-called homotopy levels (or h-levels for short) according to their homotopical 
complexity [3T]. These are defined inductively by saying that a type A has level 0 if it is 
contractible and it has level n -|- 1 if for every x,y. A the type ldA(x, y) has level n. Types of h- 
level 1 are called here mere propositions. By definition, a type A is said to be a mere proposition 
if the type 

isprop(A) =def (nx : A)(ny : A) iscontr(ldA(a:, y)) 

is inhabited. 

Characterization of identity types. We now recall that the identity types of various kinds 
of compound types admit an equivalent description. We begin by considering product types and 
function types. Let A and B be types. For any c,d:A x B, and any f,g:A B, we have 
canonical maps 

ext^_^ : ldAxB(c, d) ldA(7ric, 7rid) x ldB(7r2C, 772 ^), 
ext^g : \dA^B{f,g) (Bx: A)ldB(/x,gx). 

Note that the codomain of the second map is Hot(/, g). These functions can be easily generalized 
to S-types and B-types, so as to obtain functions 

exte,d: ld(Sa;.A)B(a;)(c, d) (Sp : Id A (tTi C, TTid) ) ldB(,r2d)(P!(772C),7r2(i) , 

ext^g : \d(^Yix-.A)B{x){f,g) -t (nx:A)\dB(x)ifx,gx). 

Again, the codomain of the second map is Hot(/, g). Furthermore, for the type universe U, there 
is an evident function 

extA B : ldu(A, B) -A Equiv(A, B). 

We refer to these functions as the extension functions for product types, function types, S-types, 
B-types and U, respectively. We then have that the extension functions for product types and 
E-types can be shown to be equivalences within the type theory A4, using the (provable) Ty-rule 
for E-types in dLH). The extension functions for function types and Il-types, for their part, can 
be shown to be equivalences within the type theory "H, using the function extensionality principle 
in (na) that is part of TL. Finally, the assertion that the extension function for the type universe 


is an equivalence is exactly the univalence axiom. Thus, within the type theory T-L we have the 
following inverses to the extension functions 

X ldB(7r2C,7r2d)) ^ \dAxB{c,d) 

Int^g : {{nx:A)\dBifx,gx))) ldA^s(/,ff) 

intc.d : ((Sp: ldA(7ric,7rid))ldB(,,2c)(P!7’‘2C,7r2(i)) \d(^sx-. A)B{x){c,d) 

\ntj g : {Ilx : A)\dB(x){fx, gx) -A \d(nx:A)B{x){f,9), 
and, in the extension of 'H with the univalence axiom, also the inverse 
int^ 3 : ldu(A, B) -A Equiv(A, B). 

In the following, if the context does not create any confusion, we may omit superscripts and 
subscripts when manipulating these functions, writing simply ext and int. Let us also remark 
that for E-types we could have also used p* instead of pi, making the evident changes. In the 
following, we shall use both, depending on which is more convenient. 

Higher-dimensional categorical structure. Even if our development is entirely syntactic, 
many of the ideas presented in the paper are inspired by concepts of homotopy theory and higher¬ 
dimensional algebra. Therefore, we conclude this preliminary section by discussing some aspects 
of the relationship with higher-dimensional category theory, so as to provide further insight into 
our development. 

First of all, observe that types and functions can be organized into an ordinary category, 
where the composition and identity laws hold as judgemental equalities. Indeed, if we define the 
composite g o f : A ^ C oi f : A ^ B and g-.B^Chy letting 

go f =def (Ax : A)g{fx ), 

and the identity 1^ : ^ ^ by letting 1a =def (Ax : A)x, the presence of the judgemental ry-rule 

for Il-types in (II.3|) in B implies that we have judgemental equalities 

ho{go f) = {ho g)o f , 1^0/ = /, f o 1 a = f . (1.10) 

Because of the strict associativity, we may omit bracketing of multiple composites and sometimes 
write simply gf instead oi g o f. 

The presence of identity types in our type theories, however, equips this category with 
additional structure. Each type A is a weak oo-groupoid, having elements of A as objects, 
paths p:\dA{a,b) as 1-morphisms (from a to b) and elements of iterated identity types as n- 
morphisms [HIS]. We may write 

q ■ p:\dA{a,c), la;ldA(a,a), : ld^(&, a), 

for the path obtained by composing p: ld. 4 (a, 6) and q: ld. 4 (a,c), for the path refl(a): ld^(a, a), 
and for the quasi-inverse of p : ld^(a, b), respectively [16]. When manipulating this structure, we 
refer to the propositional equalities holding between various composites as the groupoid laws. 

The category of types and functions can then be considered informally as enriched in oo- 
groupoids (and hence as an (oo, l)-categorj0), since function types A —> B, just like any other 
type, are oo-groupoids. This (oo, l)-category has types as objects, functions as 1-morphisms, 
paths p: ldyi_>B(/, g) as 2-morphisms, and higher paths as n-morphisms. We will not need all the 
structure of this higher-dimensional category (for which see |21jl. but only some low-dimensional 


^We follow convention of using (oo, n)-category to denote an oo-category in which fc-morphisms, for k > n, 
are invertible. An oo-groupoid is then the same thing as an (oo, 0)-category. 
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layers of it which can be defined easily. For example, given functions f: A ^ B, gi, g 2 '■ B ^ C 
and a path p : ldB_>c(( 7 i, 52 ), represented diagrammatically as 

Si 

A—-—> B C, 

92 

it is possible to define a path po f : ldA->.c( 5 i o />32 o /)• 

Because of the equivalences ldA->.s(/, 3 ) — Hot(/, 5 ) recalled above, this ( 00 , l)-category 
can be described equivalently as having types as objects, functions as 1 -morphisms, homo- 
topies a : Hot(/, g) as 2-morphisms, and higher homotopies as n-morphisms. For example, 
given functions f'■ A —)• B, gi,g2-B —>■ C and a homotopy a: ld(5i, ( 72 ), there is a homo- 
topy a o f : Hot(( 7 i o /,^2 o /) which is defined so that, for every p: ldB->.c( 3 ij 32 ), the homo¬ 
topies ext(po/) and ext(p) 0 / are propositionally equal, where ext denotes the extension function 
for function types. 


2. Bipointed types 

Bipointed types and bipointed morphisms. In this section and the next, we focus on the 
type Bool of Boolean truth values. Our development in these sections provides a template for 
what we will do for W-types in Section 0] and Section [5] and allows us to present the key ideas in 
a simpler context. 

The rules for the type Bool that we consider here are given in Table [SJ The introduction rules 
state that we have two canonical elements in Bool, written 0 and 1 here. The elimination rule can 
be understood as the propositions-as-types translation of an induction principle for Bool. Finally, 
the computation rules specify what happens if one applies the elimination rule immediately after 
applying the introduction rule. 


Bool Type 0 : Bool 1: Bool Bool: U 

a; e Bool h Fl(a;): type eo:E{0) ei :£’(!) 

X : Bool h boolelim(a;, cq, ei): E{x) 

a; G Bool h i?(a;): type eo:E{0) ei:E{l) 

boolelim(0, Cq, ei) = eo : £'(0), 

X G Bool h £(x): type eo:£(0) ei :£’(!) 

boolelim(l, eo, ei) = ei: £(1) 

Table 5. Rules for the type of Boolean truth values. 


Let us now suppose that we have a small type A : U and an equivalence / : Bool — A. Then, the 
type A has two distinguished elements oq =def /(O) and oi =def /(I), and it satisfies analogues of 
the elimination and computation rules for Bool, except that the conclusions of the computation 
rules need to be modified by replacing the judgemental equalities with propositional ones. Our 
aim in this section is to provide a characterisation of the small types equivalent to Bool by means 
of a type-theoretical universal property. But in our development we do not need to assume to 
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have the type Bool, and rather work in the type theory Ti, specified in Section [T] We begin by 
introducing the notion of a bipointed type. 


Definition 2.1. A bipointed type {A, oq, oi) is a type A equipped with two elements oq , oi: A. 

When referring to a bipointed type we sometimes suppress mention of its distinguished ele¬ 
ments and write A = (A, ao,ai) to recall this abuse of language. Similar conventions will be 
used throughout the paper for other kinds of structures. In the following, it will be convenient 
to represent a bipointed type A diagrammatically as follows: 

Here, the symbol 1 does not represent the unit type, which is not assumed as part the type 
theory H. The type Bool and its canonical elements 0,1: Bool give us a bipointed type: 

1 —^ Bool 1. 

We say that a bipointed type A = (A, ao,ai) is small if the type A is a small type, i.e. A: U. 
Accordingly, the type of small bipointed types (which is not small) is then defined by letting 

Bip^def (EA:U)(Ax A). 

Next, we introduce the notion of a bipointed morphism between bipointed types. As one might 
imagine, a bipointed morphism consists of a function between the underlying types which pre¬ 
serves the bipointed structure. In our context, we formalize this by requiring the existence of 
appropriate paths, witnessing the preservation of structure, as the next definition makes precise. 

Let us fix two bipointed types A = (A, oq, oi) and B = {B, bQ,bi). 


Definition 2.2. A bipointed morphism (/, /q, /i): A —H is a function f : A B equipped with 
paths /o : ld(/ao, 6o) and /i: ld(/ai, &i). 

Diagrammatically, we represent a bipointed morphism as follows: 



( 2 . 1 ) 


The type of bipointed morphisms from A to H is then defined by letting 

Bip(A,H) =def (S/: A H) (ld(/ao, &o) x ld(/ai,6i)) . 

Bipointed types and their morphisms behave much like objects and morphisms in a category. 
Given two bipointed morphisms (/,/o,/i): A B and {g,gQ,gi):B C, we can define their 
composite as the triple consisting of the composite gf :A ^ C and the paths represented by the 
following pasting diagram: 


_ao-^ 


l^/o 


l^/l 


bo 

•U-So 




/ 


bi 

•11 Si 


1 


Cl 


1 . 
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Explicitly, for k £ {0,1}, the path {gf )^.: \d{gfak,Ck) is obtained as the composite 

j. 9'^fk j 9k 

gjak - gbk ->■ Ck ■ 

Also, for any bipointed type A = {A, ag, oi), the identity function 1a'- A ^ A can be equipped 
with the structure of a bipointed by taking (Ia)^ : ld(lA(afe), Ofe) to be la^ = refl(afe): ld(afe,afe) 
for k £ {0,1}. We represent this as the diagram 



( 2 . 2 ) 


Note that, even if associativity and unit laws for composition for functions between types hold 
strictly (i.e. up to judgemental equality, cf. (jl.lOp l. the associativity and unit laws for bipointed 
morphisms do not. This is due to the presence of paths in their definition, in complete analogy 
with the well-known situation in homotopy theory [5] . 

We have seen in Section[T]that for types A and B, the identity type of the function type A^ B 
can be described equivalently as the type of homotopies between functions from A to B. As we 
show next, it is possible to extend this equivalence to bipointed morphisms. In order to do so, 
the next definition introduces the notion of a bipointed homotopy. 

Let us now fix two bipointed morphisms / = (/, fo, fi) and g = {g,go,gi) from A to B. 

Definition 2.3. A bipointed homotopy {a,ao,ai) :/—>■(/ is a homotopy a: Hot{f,g) equipped 
with paths ag : \d{fg,gg ■ Oao) and ai: \d{fi,gi ■ UaJ- 

Diagrammatically, we represent the paths involved in a bipointed homotopy as follows: 

CX-a^ 

fok - gak 

9k 

; 



for k £ {0,1}. The type of bipointed homotopies between / and g is then defined by letting 

BipHot((/,/o,/i), ig,gg,gi)) =def (Ea: Hot(/,g))(ld(/o,go • Oao) x ld(/i,gi • 0^0) • 

Lemma 12.41 essentially says that paths between bipointed morphisms essentially the same thing 
as bipointed homotopies. This is the first instance of the suprising phenomenon, mentioned 
in the introduction, that identity types capture higher-dimensional algebraic structures in an 
apparently automatic way. It should also be pointed out that, as a consequence of the lemma, 
types of bipointed homotopies satisfy analogues of the rules for identity types. 

Lemma 2.4. The canonical function 

ext^'P : ld((/,/o,/i), (g,go,5i)) BipHot((/, /o, /i), (g,go,5i))) ■ 


is an equivalence of types. 
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Proof. Recall that, for a pathp: ld(/, g), we write extp: Hot(/, g) for the corresponding homotopy. 
We then have 

ld((f,fo,fi),(g,go,gi)) ^ (Sp:ld(f,g))ld((fo,p*(go)) x ld(fi,p*(gi)) 

~ (Sp: ld(/,g)) ld(/o,5o ■ (extp)ao) x ld(fi,gi ■ (extp)af) 

~ (Ea : Hot(f, g)) ld(fo,go ■ ttoo) x ld(fi,gi ■ aaj 
= BipHot((/,/o,/i) (g,go,gi)) , 

as required. □ 

Fibered bipointed types and bipointed sections. Recall that for a dependent type 

x:A\- E{x): type 

we referred to an element / : (fix : A)E{x) as a section of the dependent type. It will be convenient 
to extend this notion to bipointed types by introducing the following definition. 

Let us fix a bipointed type A = {A, oq, oi). 

Definition 2.5. A fibered bipointed type {E, eg, ei) over A is a dependent type x : A h E(x): type 
equipped with elements eg : E(ao) and ei: E(ai). 

The type of small fibered bipointed types over a bipointed type A is then defined by letting 
FibBip(A) =def (EE : A U)(E(ag) x E(ai)) . 

Let us now fix a fibered bipointed type E = (E, cq, ei) over A. 

The type E' =def (Ex : A)E(x) can be equipped with the structure of a a bipointed type by 
considering ej, =def pair(afc,efc) (for k € {0,1}) as distinguished elements of E'. In this way, the 
first projection tti : A' —>■ A becomes a bipointed morphism: 



Definition 2.6. A bipointed section (/, /o, /i) of A is a section / : (IIx : A)E(x) equipped with 
paths /o:ld£(oo)(/ao,eo) and /i: ld£(oi) (/m, d). 

The type of bipointed sections of E is then defined by letting 

BipSec(A,A) =def (E/: (Hx: A)A(x)) {\dE{ao)(f<^o, eo) x \dE(ai)(fai, ei)) . 

Given a bipointed section / = (/,/o,/i) of E, we can define a bipointed morphism f: A ^ 
E', where E' = (E’,eg,e'i) is the bipointed type associated to E. Its underlying function is 
defined by /' =def (Ax: A)pair(x,/x). With this definition, it is immediate to get the required 
paths f'f.:\d{f'ak,e'f.), for k € {0,1}. Note that the morphism f':A —>■ E' provides a right 
inverse for tti : A' —>■ A, since for every x:A we have the judgemental equalities Tri(f'x) = 
TTi pair(x, fx) = x. We represent this situation with the diagram 

E' 



A. 
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We characterize the identity type between two bipointed sections, using the notion of a bi- 
pointed homotopy. This is in complete analogy with what was done for bipointed morphisms in 
Lemma 

Let us now fix two bipointed sections / = (/, /o, /i) and g = {g, go, gi) of E. 

Definition 2.7. A bipointed homotopy {a,do,ai) : / —>■ 5 is a homotopy a: Hot{f,g) equipped 
with paths do : \d{fo,go ■ Oao) and di: \d{fi,gi ■ UaJ- 

The type of bipointed homotopies between / and g as above is then defined by letting: 
BipHot((/,/o,/i), {g,go,9i)) =def {T,a : Hot{f, g)) {\d{fo,go ■ Oao) x ld(/i,gi • Oai)) ■ 

Lemma 2.8. The canonical function 

■.\d{{f,fo,fi), (5,50,51)) ^ BipHot((/,/o,/i), (5,50,51)) 
is an equivalence of types. 

Proof. The claim follows by an argument analogous to that of Lemma 12.41 □ 

Bipointed equivalences. We introduce the notion of equivalence between bipointed types and 
show in Proposition 12.121 that a bipointed morphism is an equivalence of bipointed types if and 
only its underlying function is an equivalence of types. For this, we will use the characterization 
of equivalence of types as functions with a left and right inverse, which we recalled in Section [T] 
The characterization of bipointed equivalences given below will be used in Section [ 3 ] where we 
consider the counterpart of the uni valence axiom for bipointed types. 

Definition 2.9. We say that a bipointed morphism / : A —>■ B is a bipointed equivalence if there 
exist bipointed morphisms g: B ^ A and h: B ^ A which provide a left and a right bipointed 
inverse for /, i.e. such that there exist paths p: ldBip(A,A)( 5 /, l^i) and 5 : ldBip(_B,B)(/^, Is)- 
For a bipointed morphism f: A ^ B, the type of proofs that / is a bipointed equivalence is 
then defined by letting 

isbipequiv(/) =def (S5 : Bip(B, A)) \dB]p^A,A){9f, ^a) x (S/i: Bip(A, B)) \dBip(B,B)ifh, 1 b) , 
and type of bipointed equivalences between A and B is defined by letting 
BipEquiv(A, B) =def (S/ : Bip(A, B)) isbipequiv(/). 

Lemma 2.10. The underlying function of a bipointed equivalence is an equivalence of types. In 
particular, for every bipointed morphism f : A ^ B there is a function 

TTf : isbipequiv(/) isequiv(/). 

Proof. Let / = (/,/o,/i) be a bipointed morphism from A to B. Unfolding the definition of 
isbipequiv(/) yields the type 

{Hg-.B^ A)(E5o : ld(5&o, ao))(E5i : ld(5&i,ai)) 0(5,50,51) x 

(E/i: B -A A)(Eho : ld(/i 6 o, ao))(E)ii: ld(/i&i, oi)) H{h, Jiq, hi) , ( 2 . 3 ) 

where 

G( 5 , 50 , 5 i) =def Id ( (5/, 5/0,5/1) , (lv 4 ,lao ,lai)) , 

H{h, ho, hi) =def ld((//i, fho , fhi), {1b , ho , IfeJ) • 

The type 0(5,50,51) can be thought of as the type of proofs that the bipointed morphism 
gf'.A -A A is propositionally equal to the identity bipointed morphism 1 a : A -A A, while 
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H{h^ JiQ, hi) can be thought of as the type of proofs that the bipointed morphism fh:B^B\s 
propositionally equal to the identity bipointed morphism 1b '■ B ^ B. In particular, the elements 
of G(g,gQ,gi) can be thought of as proofs that the pasting diagram 


_a^-^ 


l^/o 


/ 41/i 


bo 

-ll-So 




bi 

9 JlSl 




is propositionally equal to the diagram in (23 representing the identity bipointed morphism. 

Using the characterization of identity types of E-types in Section[Tl the type G{g,go,gi) can 
be expressed equivalently as 

(Ep:ld(g/, l^))ld((g/o,g/i), p*(lao,lai)) , 

where, for p : ld(g/, 1 a), 

p* : (ld(lA(ao),ao) x ld(lA(ai), oi)) -1 (ld(p/(ao), oo) x ld(p/(ai), oi)) 
is a transport function associated to p. Similarly, the type H(h, /iq, hi) is equivalent to 

(Eg : ld(A, 1 b)) ld((Ao , Ai), q*{U, , UJ) . 

Thus, rearranging the order of the E-types in (12.3p and using the characterization of identity 
types in product types, we get that 


isbipequiv(/) ~ 

(Ep : B ^ A)(Ep : ld(p/, 1a)) G'ig,p) x (E/z : B ^ A)(Eg : ld( A, A)) B'(/z, q) , (2.4) 

where 

G'{g,p) =def (Spo : lcl(p 6 o,ao)) ld(5/o>P*(lao)) x (Spi : Id(p 6 i,ai)) ld(p/i,p*(lai)), (2.5) 

H'{h,q) =def (Silo : ld(/i 6 o,ao)) ld(//io, 9*(l6o)) x (E/ii: \d{hbi,ai)) \d{fhi,q*{lb^)). (2.6) 

Note that the elements of G'{g,p) are 4-tuples consisting of paths po, pi making the function p 
into a bipointed morphism and of paths po, pi making the path p into a path between bipointed 
morphisms. Of course, the elements H'(h, q) admits a similar description. The required function 
is then obtained by composing the equivalence in ( 1231 ), the projection forgetting the components 
from G'{g,p) and H'{h,q), and the equivalence in (11.91) . □ 

In Proposition l2.12l we will give an alternative characterisation of bipointed equivalences, which 
will be used in the proof of Theorem 13.141 and Corollary 13.71 Intuitively, it asserts that for every 
bipointed morphism (/,/o,/i)i if tfi® underlying function / is an equivalence of types, there is 
an essentially unique way of making (/, fo, fi) into a bipointed equivalence, i.e. of equipping the 
left and right inverses of / with the structure of bipointed morphisms so as to obtain bipointed 
inverse^ In order to prove this result, we need the following straightforward lemma. 


Lemma 2.11. 

^This has several analogues in category theory. For example, consider monoidal categories C and D and a 
strong monoidal functor : C —I D which is an equivalence of categories. There is then an essentially unique way 
of making a quasi-inverse of F into a strong monoidal functor so as to obtain a monoidal equivalence. 
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(i) Let A be a type and a, ai,a 2 '-A. For paths pi :\d{a,ai), p 2 ■\d{a,a 2 ), the type 

(Eg; ldA(ai,a 2 )) \d{q ■ pi ,^ 2 ) 

is contractible. 

(ii) Let f : A ^ B be an equivalence, 01,02 ■ A and b: B. For paths pi : ld(6, foi), p 2 ■ ld(6, fa 2 ), 
the type 

(Eg: Id^(ai,a 2 )) ld((/og) ■pi,p 2 ) 

is contractible. 

Proposition 2.12. A bipointed morphism {f,fo,fi):A B is a bipointed equivalence if and 
only if its underlying function f : A ^ B is an equivalence. In fact, the function 

TTf : isbipequiv(/, /o, /i) ^ isequiv(/). 

is an equivalence of types. 

Proof. Let {f,fo,fi).A B be a bipointed morphism. We wish to show that the homotopy 
fibers of the function tt/ are contractible. So, let us fix a canonical element of isequiv(/), given 
by functions g:B^A, h'.B^A and paths p : \d{gf, 1a) and q : \d{fh, 1b). By the definition 
oi TTf and standard facts about the homotopy fibers, we have an equivalence 

hfiber(7r/, (g,h,p,q)) ~ G'{g,p) x H'lh,q ), 

where G'{g,p) and H'{h,q) are defined in (12.51) and (12.6L respectively. We claim that G'{g,p) 
and L['{h, q) are contractible. Since the proofs are essentially the same, we consider only G'{g,p). 

Let k £ {0,1}. For a path p: ld(g/, 1a), the path p*{la,,) : \d{gfak,bk) can be proved by Id- 
elimination to be propositionally equal to (extp)^^ : \d{gfak, bk), where extp: Hot(g/, 1a). Com¬ 
bining this fact with the definition of composition of bipointed morphisms, we obtain that G'{g, p) 
is equivalent to the product of the types 

(Egfc : \d{gbk, Ok)) \d{gk ■ {g o fk), (extp)aj , 

for k £ jo, 1}, which are contractible by part (i) of Lemma 12.111 Hence G'(h,p) is contractible, 
as required. □ 

Corollary 2.13. For any bipointed morphism {f,fo,fi), the type isbipequiv(/, /o, /i) is a mere 
proposition. □ 


3. Homotopy-initial bipointed types 

Inductive bipointed types. As we mentioned at the beginning of Section [5J if a type A is 
equivalent to Bool, then it satisfies the counterparts of the elimination and computation rules 
for Bool in which the computation rule is weakened by replacing the judgmental equality in its 
conclusion with a propositional equality. Using the notions of a fibered bipointed type and of a 
bipointed section introduced in Section [2j it is immediate to see that the these rules rules can 
be expressed equivalently by saying that every fibered bipointed type over A has a bipointed 
section (cf. |17jL Since bipointed types A of this kind play an important role in the following, 
we introduce some terminologjU to refer to them. 

Definition 3.1. A bipointed type A is said to be inductive if every small fibered bipointed type 
over it has a bipointed section, i.e. the type 

isind(A) =def (HU : FibBip(A))BipSec(A, A) 


^We use ‘inductive’ in analogy with the terminology used in set theory. This is not to be confused with the 
general notion of an inductive type. 
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is inhabited. 

As we will see in Proposition 13.41 the type isind(A) is a mere proposition. We define the type 
of small inductive bipointed types by letting 

Bipind =def (SA: Bip)isind(A). 

Thus, a canonical inductive bipointed type is given by a bipointed type A = (A, oq, oi) together 
with a function which, given a fibered bipointed type B = (B, cq, ei) over A, returns a bipointed 
section of B. Clearly, the type Bool is an inductive bipointed type. Furthermore, the property of 
being inductive can be transported along equivalences, in the sense that if A and B are equivalent 
bipointed types and A is inductive, then so is B. Thus, a type is equivalent to Bool if and only if 
it is inductive. Below, we begin to explore some consequences of the assumption that a bipointed 
type is inductive, with the goal of arriving at a characterisation of inductive bipointed types in 
Theorem 13.101 

Proposition 3.2. Let A = (A,ao,ai) he a bipointed type. Then A is inductive if only if it 
satisfies the following rules: 

(i) the elimination rule 

X \ A\-B{x)eo:B{ao) ei:B{ai) 
x:A\- elim(a:, cq, ei) : B{x ), 

(ii) the computation rules 

x: A\-B{x) eo:i?(ao) ei:i?(ai) 

comp^,(eo, ei): ld(elim(afc, cq, ei), e/c) , 

where k G {0,1}. 

Proof. Immediate. □ 

In the following, when we speak of an inductive bipointed type, we always assume that it 
comes equipped with functions elim and comp^. (for k G {0,1}) as in Proposition [XU Note that 
the rules in Proposition 13.21 are exactly the counterparts for A of the elimination rule and the 
weakening computation rules for Bool obtained by restricting the eliminating type to families 
of small dependent type^ and, most importantly, replacing the judgemental equality in the 
conclusion with a propositional one, as mentioned above. The next proposition shows that, for 
an inductive bipointed type A, not only every fibered bipointed type over it has a section, but 
that such a section is unique up to a bipointed homotopy. 

Proposition 3.3. Let A = (A,ao,ai) be a bipointed type. If A is inductive, then the following 
rules are derivable: 

(i) the rj-rule 

x-.A'^B{x):\} eo:Fl(ao) ei:A(ai) x: A'^ fx-.B{x) /o : ld(/ao, eo) /i: ld(/ai, ei) 

a;: A h 77a;: ld(/x, elim(a;, eo, ei)) 


(ii) the coherence rule 

x:A\-B{x):l} eo:B{ao) ei:B{ai) x: A\- f{x): B{x) /o : ld(/ao, Cq) /i : ld(/ai, d) 

77 fe : ld(compj,(eo,ei) • 77 a, , fk) 

where k G { 0 , 1 }. 

'^See Remark 13.131 for further discussion of this point. 
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Before proving Proposition [231 observe that the paths in the conclusion of the coherence rule 
can be represented diagrammatically in a way that is reminiscent of one of the triangular laws 
for an adjunctioiH: 

fttk - — -S- elim(afc, eo, ei) 

£k 

1 

where Sk =def comp^(eo, ei), for k G {0,1}. 

Proof of Provosition 1 ,9. M Let us assume the premisses of the ry-rule. For x : A, define F(x ):Uby 
letting F{x) =def ld£:(a;)(/a;, elim(x, Cq, ei)). With this notation, proving the conclusion of the 
ry-rule amounts to defining rix'.F{x), for x'.A. We do so using the elimination rule for A, as 
stated in Proposition [231 Thus, we need to find elements pk '■ F(ak), for k G {0,1}. Since 

F{ak) = lcl(/afc,elim(afc,eo,ei)), 

we define pk as the composite 



fak 


h 


compfc(eo,ei) ^ , , 

■> Cfe->■ elim(afe, eo, eij 


For x:A, we can then defined the required element :F{x) by letting =def elim(a;,pojPi)- 
In order to prove the coherence rule, note that the computation rule of Proposition [23] gives us 
a path in \d{pa^,pk), i.e. Id(r 7 afc, comp^(eo, ei)“^ • fk)- The required paths can then be obtained 
using the groupoid laws. □ 


Proposition 3.4. For every bipointed type A = {A,aQ,ai), the type isind(A) is a mere proposi¬ 
tion. 

Proof. Recall that to prove that a type is a mere proposition, it suffices to do so under the 
assumption that it is inhabited. Assume therefore that isind(A) is inhabited. Since the de¬ 
pendent product of a family of mere propositions is again a mere proposition, it suffices to 
show that BipSec(A,A) is a mere proposition for any E. But for any two bipointed sec¬ 
tions f,g: BipSec(A, A), there is a bipointed homotopy a: BipHot(/, g) by Proposition 13.31 and 
hence, by Lemma [2.81 there is a path p : ld(/, g), as required. □ 

Homotopy-initial bipointed types. Let A be a small bipointed type and assume that it is 
inductive. We focus on the special case of fibered bipointed types that are constant, i.e. we have 
E{x) = B for all x'.A, where B = {B,bo,bi) is a small bipointed type. Proposition 13.21 and 
Proposition 13.31 imply that there exists a bipointed morphism f : A ^ B, which is unique in the 
sense that for any two bipointed morphisms (/,/oi/i), ( 5 j 50 ) 5 i) :A^B there is a bipointed 
homotopy a: Hot{f,g). Thus, by Lemma [311 there is a path 

p: ld((/,/o,/i), (5,50,51)) • 

Furthermore, it can be shown that such a path is itself unique up to a higher path, which in turn 
is unique up to a yet higher path, and so on. 

The key point in our development (described for Bool below and for W-types in Section [2]) 
is that this sort of weak 00 -universality, which apparently involves infinitely much data, can be 
captured fully within the system of type theory (without resorting to coinduction) using ideas 
inspired by homotopy theory and higher-dimensional category theory. Indeed, in spite of the fact 
that bipointed types and morphisms do not form a category in a strict sense, it is possible to 


*^See Remark 13.91 for further discussion of this analogy. 
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introduce the notion of a homotopy-initial bipointed type in completely elementary and explicit 
terms, as in Definition 13.51 below. This provides the template for the definition of a homotopy- 
initial algebra, which we will introduce in Section [S] in relation to W-types. 

Definition 3.5. A small bipointed type A is said to be homotopy-initial if for any small bipointed 
type B, the type B>\p{A,B) of bipointed morphisms from A to B is contractible, i.e. the type 

ishinit(A) =def (IIB : Bip) iscontr(Bip(A, B)) 

is inhabited. 

Let us remark that the uniqueness implicit in Definition 13.51 requires that any two bipointed 
morphisms are propositionally equal as tuples. It should also be noted that the property of being 
homotopy-initial can be transported along equivalences, in the sense that if two bipointed types 
are equivalent, then one is homotopy-initial if and only if the other one is. 

Proposition 3.6. For every bipointed type A, the type ishinit(A) is a mere proposition. 

Proof. Recall that, for a type X, the type iscontr(X) is a mere proposition and that the dependent 
product of family of mere propositions is again a mere proposition. □ 

The next result is the counterpart of the familiar fact that objects characterized by universal 
properties are unique up to a unique isomorphism. 


Proposition 3.7. Homotopy-initial small bipointed types are unique up to a eontraetible type of 
bipointed equivalences, i.e. the type 

(HA : Bip)(nB : Bip)(ishinit(A) x ishinit(i?) —iscontr(BipEquiv(A, B))) . 

is inhabited. 

Proof. Let A and B be homotopy-initial bipointed types. The type Bip(A, B) is contractible 
by homotopy-initiality of A. Since the dependent sum of a family of mere propositions over 
a mere proposition is again a mere proposition, it suffices to prove that the type isbipequiv(/) 
is contractible for any bipointed morphism /: A —>■ B. This type is a mere proposition by 
ProDOsition l2.121 and thus it suffices to show it is inhabited. But the existence of a right and a 
left bipointed inverse for / follows immediately by the assumption that A and B are homotopy- 
initial. □ 

The next proposition spells out a characterization of homotopy-initial bipointed types in terms 
of type-theoretic rules. 


Proposition 3.8. A small bipointed type A = (A,ao,ai) is homotopy-initial if and only if it 
satisfies the following rules: 

(i) the recursion rule 

B: U bo:B b^-.B 


(ii) the 13-rules 


a;: A h rec(a;, bo, bi): B , 
B : U 6o : B &i: B 


13k : \d{rec{ak,bo,bi),bk ), 

where k G {0,1}, 

(Hi) the rj-rule 

{B,bo,bi):B\p (/, /o,/i) ; Bip(A, B) 
x:A\-r]j;: \d{fx, rec{x,bo,bi )), 
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(iv) the {13^7])-coherence rule 


{B,bo,bi):B\p (/,/o,/i); Bip(A, S) 
fjk : ld(/3fe ■ r]a^ , fk ), 


where k G {0,1}. 

Proof. The claim follows by unfolding the definition of homotopy-initiality. □ 

Remark 3.9. The terminology used for the rules in Proposition |3^ is inspired by the special case 
that arises by considering B to be A itself and / to be the identity function. In this case, we 
obtain a function (Ax : A)rec(a:, oq, oi): A — A, paths /3fe : ld(rec(afc, oq, oi), o/c), for k G {0,1} 
and Tjx : ld(x, rec(x, oq , oi) and higher paths fjk fitting in the diagram 

Ok -1 rec(afc,ao,ai) 

hk 



for k G {0,1}, which are analogous to one of the triangle laws for an adjunction. 

The next theorem provides a characterisation of inductive bipointed types. 

Theorem 3.10. A small bipointed type A is inductive if and only if it is homotopy-initial, 
i.e. the type 


iJlA : Bip)(ishinit(A) gg isind(A)) 


is inhabited 

Proof. Let A = (A,ao,ai) be a small bipointed type. We prove the two implications separately. 

First, we show that if A is inductive then it is homotopy-initial. For this, it is sufficient 
to observe that the rules characterizing homotopy-initial bipointed types in Proposition 13.81 are 
special cases of the rules in Proposition 13.21 and Lemma 13.31 which are provable for inductive 
bipointed types. 

Secondly, let us assume that A = {A, oq, oi) is homotopy-initial and prove that it is inductive. 
For this, let E = {E, eg, ei) be a fibered small bipointed type over A. We need to show that there 
exists a bipointed section (s, sq, si); BipSec(A, E). Let us consider the bipointed type associated 
to E, with carrier E' =def IfPx'. A)E(x) and distinguished elements e} =def pair(afc, e/c), for k G 
(0,1}. In this way, the first projection tti : B' —>■ Al is a bipointed morphism. By the homotopy- 
initiality of A, we have a bipointed morphism (/,/o,/i): (A, oq, oi) —>■ {E',eQ,e[), which we 
represent with the diagram 


1 


ao 




ai 


1 


Jf/o 


Jf/i 


1 


/ 

GB' G 


1 
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We can compose f : A ^ E' with tti: E' A and obtain a bipointed morphism irif : A —>■ A, 
which is represented by the diagram 


ao . ai 

- A ■(- 


J|/o 


/ tL/i 




-U-TTo 


TTl JJ. TTi 




1 . 


Since the identity 1a-A -A A is also a bipointed morphism, by the homotopy-initiality of A 
there is an element of ldBip(A,A)(^i/) 1 a)- By Lemma 12.41 this gives us a bipointed homotopy 
(a, ao, di): BipHot(7ri/, 1a)- This amounts to a homotopy a : Hot(7ri/, 1a) and paths 


Ok ■■ lcl((7ri/) fc ) 0!ak • lofc) 5 

for k € {0,1}. We begin to define the required bipointed section by defining, for x: A, 

s{x) =def {ax)\{'^ 2 fx) , 

where {ax)\ '■ E{'Kifx) —>■ E{x). We now construct paths Sk '■ ld(safc,efe), for k € {0, 1}. First of 
all, recall that fk ■ ld(/afc, e'j,), where e'j. — pair(afc, e^) : (Sx : A)E{x). Using the characterization 
of identity types of E-types, we define 

P =def TTi ext^(/fc): ld(7ri/afc , Trie),), q =def 7r2ext^(/fe) : ld(p!(7r2/afc),7r2efc) . 

Now, note that 

ldA(7ri/afc, TTie'fc) = ldA(7ri/afc,a^), \dE{ak)iP<X'^2fak),TT2e'f,) = \dE(ak){sak,ek) 
and that we have 


(7ri/)fc = (7iT)fe ■ (tTi o/fc) 
= la, ■ (tti O fk) 

= (tti O fk) 


(by definition of tti/) 
(by definition of tti) 
(by the groupoid laws) 
(by definition of ext^). 


Therefore, we can construct the following chain of paths: 

p = (tti/)^ (by what we just proved) 

= la, • Q!afc (by the path d/c) 

= cca, (by the groupoid laws) 

Hence, the required path Sk ■ ld(safe, Ck) can be defined as the following composite: 

sofc = (eta,)! (7r2/afc) (by the definition of s) 

= P\ {'n' 2 fak) (since p'^ Ua^) 

= Ck (by the path q). 

This concludes the proof. 


□ 
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The proof of Theorem 13.101 simplifies considerably within the extensional type theory 
obtained by adding to 'H the identity reflection rule in (11.21) . In that type theory, there is a 
judgemental equality between the composite irifiA —)■ A and the identity 1a-A -A- A, with 
which the rest of the argument can be shortened considerably. In that setting, one obtains the 
familiar characterisation of an inductive type as strict initial algebras. 

Theorem 13.101 gives a logical equivalence between two types, but in fact we have a genuine 
equivalence of types, as the following corollary shows. 

Corollary 3.11. For a bipointed type A, there is an equivalence of types isind(y4) ~ ishinit(A). 

Proof. Theorem 13.101 gives a logical equivalence, but isind(A) is a mere proposition by Proposi¬ 
tion [SH and ishinit(A) is a mere proposition by Proposition 13.61 □ 

The next proposition characterizes the type Bool up to equivalence. In its statement, we refer 
to the rules for Bool in Table [5j 

Corollary 3.12. Assuming the rules for the type Bool, for a bipointed type A = {A,ao,ai), the 
following conditions are equivalent: 

(i) A is inductive, 

(ii) A is homotopy-initial, 

(in) A and Bool are equivalent as bipointed types. 

In particular, Bool is a homotopy-initial bipointed type. □ 

Remark 3.13. Note that the elimination rules for Bool allow us to eliminate over an arbitrary, 
i.e. not necessarily small, dependent type. Instead, the definition of an inductive bipointed type 
involve the existence of sections over small fibered bipointed types. In spite of this apparent 
difference, since Bool is assumed to be a small type, one can prove an equivalence between any 
inductive type A and Bool and hence derive counterparts of the elimination rules for Bool for 
any inductive bipointed type. 

Let us point out that there are at least two alternatives to the approach taken here regarding 
universes. The first involves avoiding the restriction to small fibered bipointed types in the 
definition of the notion of an inductive bipointed type. Accordingly, one drops the restriction of 
mapping into small bipointed types in the definition of a notion of a homotopy-initial algebra. 
With these changes, there is still a logical equivalence between the modified notions, but this 
is no longer an internal statement in the type theory, as in Theorem 13.101 Alternatively, one 
could assume to have a hiearchy of type universes Do : Ui: ... : U„ : U„+i: ... and modify the 
elimination rules for Bool by specifying that the types into which we are eliminating belong to 
some universe. A counterpart of Theorem 13.101 now stated with appropriate universe levels, 
would still hold. 

Univalence for bipointed types. We conclude this section by showing that if the type uni¬ 
verse U is assumed to be univalent, then a form of the univalence axiom holds also for bipointed 
types, in the sense made precise by the next theorem, where we use notation analogous to the 
one introduced for extension functions in Section [T] This is an instance of the Structure Identity 
Principle considered in [2]. 

Theorem 3.14. Assuming the univalence axiom, for small bipointed types A, B : Bip, the canon¬ 
ical function 

ext®'’’^ : ldBip(A,i3) BipEquiv(A, B) 


is an equivalence. 
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Proof. Let (A, oq, ai), {B, & 0 i ^i) be small bipointed types. By the characterization of the identity 
types of E-types, the identity type ld((A, oq, oi), {B,bo,bi)) is equivalent to the type 

(Ep: ldu(A,B)) \d{{ao,ai),p*{bo,bi)). 

By Id-elimination and the characterization of paths in product types, this type is equivalent to 

(Ep: ldu(A, B)) ld((extp)(ao),&o) x ld((extp)(ai), &i), 

where extp: A B is the equivalence of types associated to p: ldu(A, B). By the univalence 
axiom, the above type is equivalent to 

(E/; Equiv(A,B)) ld(/ao,&o) x ld(/ai,&i) . 

After rearranging, we get 

(E/ : A ^ B)(E/o : ld(/ao, 6o))(S/i : ld(/ai, &i)) isequiv(/), 
which is equivalent to BipEquiv(A, B) by ProDOsition l2.12l Finally, it is not hard to see that the 
composition of the above equivalences yields the function ext^'*’^ up to a homotopy, thus showing 
that it is an equivalence, as required. □ 

Corollary 3.15. Assuming the univalence axiom, homotopy-initial small bipointed types are 
unique up to a contractible type of paths, i.e. the type 

(BA : Bip)(ni? : Bip) (ishinit(A) x ishinit(B) —iscontr(ldBip(A, B))) . 

is inhabited. 

Proof. This is an immediate consequence of Proposition 13.71 and Theorem 13.141 □ 

4. Polynomial functors and their algebras 

Algebras and algebra morphisms. The main aim of this paper is to carry out an analysis 
for well-ordering types (introduced in [H]), or W-types, analogous to the one we have just done 
for the type Bool. We recall the rules for W-types in Tabled There, we sometimes write W 
for (Wx : A)B(x) for brevity. Informally, a W-type can be seen as the free algebra for a signature 
with arbitrarily many operations of possibly infinite arity, but no equations. The premises of 
the formation rule can be thought of as specifying a signature that has the elements of the type 
A as (names of) operations and in which the arity of a: A is (the cardinality of) the type B(a). 
Then the introduction rule specifies the canonical way of forming an element of the free algebra, 
and the elimination rule can be seen as the propositions-as-types translation of the appropriate 
induction principle. As usual, the computation rule states what happens if we apply the the 
elimination rule to a canonical element of the inductive type. Finally, we have a rule expressing 
the closure of the type universe U under the formation of bF-types. 

We now consider a small type A: U and a small dependent type B : A —>■ U, which we consider 
fixed for this section and the next. For (7:1), we define 

PC — def (Ex:A)(B(x) ^C). 

In this way, we obtain a function B: U —>■ U. This operation on types extends to an operation 
on functions, as follows. For /: (7 —>■ B, we define Pf: PC —?> PD by E-elimination so that, 
for X : A and u : B(x) —>■ (7, we have 

{Pf){{x,u)) = (xju). 

This assignment is pseudo-functorial in the sense that we have propositional, rather than judge¬ 
mental, equalities: 


^f,g ■ ld(B(g o /), Pg o Pf) , (j)A : ld(B(lA), Ipa) 


(4.1) 
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for f:C —>■ D, g:D —>■ E. We still refer to P as the polynomial functor associated to A:U 
and B : A —>• U, so as to highlight the analogy with the theory of polynomial functors on locally 
cartesian closed categories [HHS]. 


Definition 4.1. A P-algebra 

{C, sup(^) 

is a small type C: U equipped with a function sup(;; : PC —> C. 

The type of P-algebras is then defined as 

Alg =def (SC:U)(PC^C). 

Given a P-algebra C = (C, sup^;), we refer to the type C as the carrier or underlying type of 
the algebra and to the function sup(^ : PC —^ C as the structure map of the P-algebra. In the 
presence of W-types, an example of P-algebra is given by the type W =def (Wa:: A)B(x), with 
structure map given by the introduction rule for W-types. 

Let us now fix P-algebras C = (C, sup,^) and D = {D,supjy). 


Definition 4.2. A P-algebra morphism (/, /): C —>■ P is a function f :C ^ D equipped with a 
path /:ld(/osupc,sup£,oP/). 

Note that the homotopy associated to a path / as above has components 
{extf)a:,u ■■ \d{f{supc{x,u)),supu{x,fu)) . 

A P-algebra morphism as above can be represented with a diagram of the form 



SUPD 


We use this slighly unconventional orientation of the diagram in order to stress the analogy with 
bipointed morphisms (cf. the diagram in (I2.ip l. Informally, one can think of the path / as a 
proof that the diagram commutes (which is the requirement defining the notion of morphism of 
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endofunctor algebras in category theory) or as an invertible 2 -cell (as in the notion of a pseudo¬ 
morphism between algebras in 2 -dimensional category theory 0). For later use, let us introduce 
some auxiliary notation. For P-algebras C = (C, sup^), D = {D, sup^,) and a function f -.C ^ D 
between their underlying types, let us define 

isalghom(/) =def ld(/ o sup^ sup^, o Pf). (4.2) 

Note that this type is not, in general, a mere proposition. Informally, isalghom(/) is the type of 
paths / witnessing that / is a P-algebra morphism, fitting in a diagram as above. Accordingly, 
the type of P-algebra morphisms between C and D is defined by 

Alg(C7, D) =def (S/ :C^D) isalghom(/). 

We now define the composition operation for P-algebra morphisms. Given (f,f):C —> D 
and {g,g):D — E, their composite (g/, 5 /): (C, sup^-) ^ {E,sup^) is obtained as follows. 
Its underlying function is given hy gf :C ^ E, and so the the required path must be of the form 

(gf): Id {{g o /) o sup^ , sup^ o P{g o /)) . 

Such a path is obtained by pasting the diagrams 



SUPE 


More precisely, it is given by the following composition of paths: 


j. g°f g°Pf jjj, ™PE°'P/,g , . 

go fo supc-^ g o SUP£, o Pf -!- sup^; oPgoPf -supg o P{g o f) , 

where we used the pseudo-functoriality of P in 611). For a P-algebra C, the identity function 
Ic : C C has an evident structure of P-algebra morphism, represented in the diagram 


Pile) 



SUPc 


( 4 . 3 ) 


As in the case of bipointed types, the associativity and unit laws for a category do not hold up 
to judgemental equality, but only so up to a system of higher and higher paths. 

We will require an alternative description of the identity type between two P-algebra mor¬ 
phisms. For this, we introduce the notion of a P-algebra homotopy in the next definition. 

Let us fix P-algebra morphisms / = (/, /) and g = {g, g) from C to D. 


Definition 4.3. A P-algebra homotopy {a, a): / —>■ 5 is a homotopy a : Hot(/, g) equipped with 
a homotopy d : Hot((sup£, o Pa) ■ (ext /), (ext 5 ) • (a o sup^))- 
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Note that in the definition a o supj;; and sup^ o Pa are obtained by pre-composition and 
post-compositions, respectively, of functions with homotopies. The homotopy d can be thought 
of as a proof that the two homotopies produced by the pasting diagrams 


PC 


SUPc 



PD - 

SUpj3 



PC 



PD 



SUPo 


are equal, which is analogous to the condition defining an algebra 2 -cell in 2 -dimensional category 
theory [S]. Explicitly, the component of a associated io x'. A and u : B(x) —>■ C fit into diagrams 
of the form 


/(supc(a;, u)) — ‘'-Jhc. — snpjj{x, fu) 


^sup^ {x,u) 


'll' OCx 


sup£,(a:,int(Q;u)) 


g{snpiy{x,u)) 


(extg)a, 


sup£,(a;,5u), 


where int(au) denotes the path associated to the homotopy (\y. B(x))auy between fu and gu. 
The type of P-algebra homotopies is then defined by 

AlgHot((/,/), {g,g)) =def (Ea : Hot(/, 5 )) ld((sup£, o Pa) • (ext/), ((extg) o sup^) • (aosupc)) . 


Lemma 4.4. For every pair of P-algebra morphisms (/, /), {g, g) :C D, the eanonical func¬ 
tion 

ext^'®:ld((/,/),(g,g)) ^ HotAlg((/,/), (g, g)). 
is an equivalence of types. 

Proof. This follows from a more general statement to be proved in Lemma 14.81 below. □ 


This is another case of the identity type encoding higher-categorical structure; we note that 
the proof of Lemma 14.41 does not require the univalence axiom. 


Fibered algebras and algebra sections. We now introduce the fibered versions of the notions 
of a P-algebra, P-algebra morphism, and P-algebra homotopy. Some preliminary remarks will 
help us to motivate our definitions. Let us consider a fixed P-algebra C = (C, sup,;;;). Given 
a dependent type P : C —>■ U, we wish to describe what data determines a P-algebra structure 
on the type E' =def CEz: C)E{z). First of all, using a special case of the IIE-distributivity law 
recalled in (113), we have 

PE' ~ (Ex : A)(T,u : B{x) C){Ay : B{x))E{uy). 

Therefore, we obtain 

PE' P' ~ (Ex : A)(Eu : P(x) ^ C){ny : B{x))E{uy) (Ez : C')P(z) 

~ (IIx : A)(nM : P(x) —> C')(nz;: (11?/: B{x))E{uy)){'Ez : C)E{z ), 

and so a structure map sup^/: PE' —> E' can be viewed equivalently as a function which takes 
arguments x : A., u: B(x) C, v : (11?/: B{x))E(uy) and an element of E'. Thus, if we wish to 
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ensure that the structure map sup^, : PE' E' is such that the projection function ni : E' ^ C 
is a P-algebra morphism, i.e. that we can find a path fitting in the diagram 


PE' 


suPe 


Ptti 


PC 



SUPc 


it is sufficient to require the existence of a function of the form 

e : (Ila;: >l)(nu : B{x) C')(nr; : (fly : B{x))E{uy))E{snpQ{x, u)). 

Note that such a function appears also in one of the premisses of the elimination rule for W^-types 
in Table [HI We are therefore led to make the following definition. 


Definition 4.5. A fibered P-algebra over C consists of a dependent type A: C —U and a 
function e : (Ila:: A)(nu : B{x) —>■ C')((ny : B{x))E(uy)) A(sup( 7 (a::, u)). 

We define the type of fibered P-algebras over C as follows: 

FibAlg(C') =def {EE : C U)(nx : A)(nM : B{x) —>■ C')((ny : B{x))E{uy)) E{snpQ{x, u)) 

Let us consider a fixed fibered P-algebra E = {E, e) over C. 

We define the P-algebra E' = {E', sup^;/), to which we shall refer as the P-algebra associated to 
E, as follows. As before, we define E' =def {Ez : C)E{z) and sup^/ : PE' —>■ E' by E-elimination 
so that, iov X-. A and u:B{x) E', we have 

sup^/(a::, u) = pair(sup(;;;(a::, ttiu) , e(a;, ttiu, 7r2M)) . 

Here, note that ttiu : B{x) —?• C and tt 2 U : (Hy : B{x))E{'Kiuy) and so, by the type of e, we have 
that e(a:, TTiM, 7r2u): P(sup(;;(a:, ttim)), as required. 

In analogy with the way we defined fibered P-algebras, it is possible to define P-algebra 
sections. To state this definition, we need some preliminary notation. For /: (Hz : C')P(z), we 
define e/ : (Hx : A)(nu : B{x) —>• C')P(supp(a:, u)) by letting 

e/ =def (Ax : A){\u : B{x) —>■ C) e{x, u, fu). (4-4) 

Here, note that for y:B{x), we have uy: C and hence fuy: E{uy), as required. 


Definition 4.6. A P-algebra section (/,/) of P is a section /: {Jlz:C)E{z) equipped with a 
path /: ld(/supc,e/). 

Note that the components of the homotopy ext / associated to a path / as above have the 
form {extf)x,u ■ ld(/(sup(;;;(x, rt)) ,e{x,u, fu)). We define the type of P-algebra sections of E by 
letting 

AlgSec(C',P) =def (Ef :{Ilx:C)E{x)) ld(/supc,e/) . 

This terminology is justified by the fact that, given an algebra section (/, /) of E, there is an 
algebra morphism f':C E', where E' = {E',sup^,) is the P-algebra associated to E. Its 
underlying function is defined by letting /' =def {^z ■ C) pair( 0 , fz) and direct calculations show 
that there is a path fitting in the diagram 


PC 


SUPc 


^c 



1^/' 


PE' 


supe' 


/' 

^ E' . 










27 


This P-algebra morphism provides a section of the P-algebra morphism tti : P' —>■ (7 in the sense 
that the composite P-algebra morphism tti/' : (7 —>■ C can be shown to be propositionally equal 
to the identity P-algebra morphism Ic : (7 —>• (7. 

We will require an analysis of paths between of P-algebra sections and thus we introduce, in 
Definition 14.71 below, the notion of a homotopy between P-algebra sections. In order to state the 
definition more briefly, let us introduce some notation. For a fibered P-algebra E = {E, e), sec¬ 
tions /, g : (112 : C)E{z) and a path p: ld(/, g), we write Cp : ld(e/, e^) for the evident path defined 
by Id-elimination, where e/ and Cg are defined as in (14.41) . By the characterisation of identity 
types of function types, a homotopy a:Hot(/, 5 ) determines also a homotopy Bq, : Hot(e/, Cg). 
For X : A and u : B(x) C, the component {ea)x,u of this homotopy is given by e{x, u, int(au)), 
where int(a„) is the path associated to the homotopy (Ay: B(x))auy 

Let us now fix two P-algebra sections of P, / = (/, /) and g = {g,g). 

Definition 4.7. A P-algebra section homotopy (a, d): / ^ y is a homotopy a : Hot(/, g) equipped 
with a homotopy a : (IIx : A)(nu : B{x) —)> C) Hot(ea • ext(/), ext(y) • (a o sup( 7 )). 

The components of the homotopy a that is part of a P-algebra section homotopy as above 
can be represented diagrammatically as fitting in the following diagram 


fisnpc{x,u)) 


(ext/)j, 


^sup(^(a:,i 4 ) 


-Ij- OLx 


g{snpc{x,u))) 


(extg)a; 


-^e{x,u,fu) 

e{x ,u ,\nt{au)) 
■> e{x, u, gu). 


Accordingly, we define the type of P-algebra homotopies of sections as follows: 

AlgSecHot((/,/), (y,y)) =def 

(Ea : Hot(/, y))(nj:: A)(nM : B{x) —)■ C) Hot(eQ • ext(/), ext(y) • (a o sup,;^)) . 

Remarkably, in spite of the complexity of its definition, the notion of a P-algebra homotopy is 
equivalent to that of an identity proof between P-algebra sections, as the next lemma makes 
precise. 

Lemma 4.8. The canonical function 

^ AlgSecHot((/,/), (y,y)) 

is an equivalence of types. 

Proof. For p: Id(/, y) we have p\ (/): Id(y o sup;;;., Cg) and it can be shown by Id-elimination that 
there exists a path q : ld(ep • / ,p\{f) ■ {p o sup(;;)), which can be represented with the diagram 


/ o supc■ 


-4 6 / 


posup(. 


ij-q 


Ptif) 


-S- 6, 


9 ■ 


9 o supc 
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We then have 

Id ((/,/), ( 5 , 5 )) - (Sp:ld(/,g)) \d{pi{f),g) 

~ {Y,p:\d{f,g)) \d{ep ■ f ■ (posupc)”Sff) 

~ {T,p:\d{f,g)) ld(ep • f,g- (posup^)) 

~ (Sp: ld(/,g))Hot(eextp • ext(/), ext( 5 ) • ((extp) o sup,-)) 

~ (Ea : Hot(/, g)) Hot(ea • ext(/), ext( 5 ) • (a o supc)) 

= AlgSecHot((/, /) {g, g)) . □ 

Note that Lemma [4.41 which we left without proof, follows as a special case of Lemma IT51 

Algebra equivalences. We introduce the notion of equivalence between P-algebras. This will 
useful in Section [SJ where will prove that assuming the univalence axiom, a form of univalence 
holds also for P-algebras. 

Definition 4.9. We say that a P-algebra morphism f :C —> P is a P-algebra equivalence if 
there exist P-algebra morphisms g,h\ D ^ C which provide a left and a right P-inverse for / as 
a P-algebra morphism, i.e. for which there are paths of P-algebra morphisms 

P ■ ldAig(c,c)(5/i Ic), Q ■ ldAig(D,D)(/^! In) ■ 

Given a P-algebra morphism f :C —^ P, we define the type of proofs that / is an equivalence 
of P-algebras as follows: 

isalgequiv(/) =def (Ep : Alg(P, C'))ldAig(c,C')(5/, Ic) x (Sh : Alg(P, C'))ldAig(n.n)(/^, In) ■ 

We then define the type of P-algebra equivalences between C and P as 
AlgEquiv(C', P) =def (E/ : Alg(C', P)) isalgequiv(/). 

Lemma 4.10. The underlying function of a P-algebra equivalence is an equivalence, i.e. for 
every P-algebra morphism {f,f)'.C —^ P there is a function 

TTf : isalgequiv(/, /) isequiv(/). 

Proof. Let (/, /): C —>■ P be a P-algebra morphism. Unfolding the definition, we have 
isalgequiv(/,/) =def 

{Hg : D ^ C) (T,g : isalghom(g)) G{g, g) x (Efi : D ^ C) (Eh : isalghom(h)) H{h, h ), 

where we used the notation introduced in (14.21) and 

G(ff,ff) =def ld((5/,5/), (lc,Tc)), H{h,h) =def ld((/h,/h), (l£,,Tr,)) . 

The types G{g, g) and H{h, h) can be thought of as the types of proofs that {g, g) and (h, h) are 
a left and right inverse for (/, /) as P-algebra morphisms, respectively. For the right inverse, 
this amounts to requiring that the pasting diagram 

supr’ 

PC- —>c 

Pf 

PD > P 

4s s 
>C 



Pg 

PG 


supc 
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is propositionally equal to the diagram for the identity P-algebra morphism on C in (j4.3D . By 
the characterization of paths in S-types, we have 

G{grg) - (Sp: ld(g/, Ic)) \d{Jf, p*{Tc)) , H{h, h) ~ (Eg : \d{fh, Ic)) ld(A, q*{Tc)) • 

Thus, rearranging the E-types in the definition, we have 

isalgequiv(/,/) ~ 

(Eg : ^ C)(Ep: \d{gf, Ic)) G'ig,p) x{m:D^ C){Eq : \d{fh, Ic)) H\h, q) , (4.5) 

where 

G'ig,p) =def (Sp; isalghom( 5 )) ld(g/,p*(Ic)), (4.6) 

H'{h,q) =def (E(i: isalghom(/i)) \d{fh,q*{I d))) ■ (4.7) 

The canonical elements of G{g,p) are pairs (g,p) consisting of a path g making g into a P-algebra 
morphism and a path p making p: \d{gf, Ic) into a propositional equality between the P-algebra 
morphisms {gf,gf) and (Ic ,1c). It is now clear that we can obtain the required function tt/ by 
composing the equivalence in (14.511 with the evident projections and the equivalence in (11.911 . □ 

ProDOsition l4.111 below can be understood informally as saying that for a P-algebra morphism 
/, there is an essentially unique way of turning an inverse of / as a function into an inverse of / 
as a P-algebra morphism. 

Proposition 4.11. A P-algebra morphism {f,f):G^D is an equivalence of P-algebras if and 
only if its underlying function f :C ^ D is an equivalence of types, i.e. the function 

TTf : isalgequiv(/, /) isequiv(/) 

is an equivalence. 

Proof. Let (/,/): (C, supc) —t (P,supc) be a P-algebra morphism. We will show that all the 
homotopy fibers of the function ttj are contractible. So, let us consider a canonical element of 
the codomain of tt/, given by a 4-tuple {g, h,p, q): isequiv(/) consisting of functions giD^C 
and h'.D^G and paths p: \d{gf, Ic), q ■ ld(//i, Ic), exhibiting g and h as a right and a left 
inverse of / (as a function, not as a P-algebra morphism), respectively. 

The homotopy fiber of tt/ over this element can be thought of as the type consisting of all 
the data that is missing from having a left and a right inverse of / as a P-algebra morphism. In 
particular, we have 

hfiber(7r/, {g,h,p,q)) ~ G'{g,p) x H'{h,q ), 

where G'{g,p) and P['{h,q) are defined as in (14.611 and (14.7L respectively. Therefore, it suffices 
to prove that G'{g,p) and H'{h,q) are contractible. The proofs that G'{g,p) and H'{h,q) are 
contractible are essentially identical, so we consider only G'{h,p). 

First of all, recall that the path gf : isalghom(( 7 /) is given by gf =def {g ° f ) ■ {g ° Pf), where 
we suppressed the path relative to the pseudo-functoriality of P, as in 611), for convenience. By 
Id-elimination onp, the pathp*(Ic): isalghom(p/) is propositionally equal to the composite path 

n/ r\ x Ic , P“^osupc 

supc o P{gf) -!■ supc o P(lc)-1 Ic o supc-1 {gf) o Ic . 

Hence, we have 

G{g,p) ^ (Ep: AlgHom( 5 )) \d{{g o f) ■ {goPf) , (p"^ o supc) • Ic • (supc o P(p))) 

~ (Ep; AlgHom(p)) ld(p oPf,{go f)-^ ■ {p-^ o supc) • Ic • (supc o P(p))) . 
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Now, since /: C —>■ I? is an equivalence, Pf: PC —>• PD is also an equivalence and hence so is 
the function mapping a path r : ldp_D_>c(s, t) to the composite r o Pf : Id pc^c{s o Pf, t o Pf). 
Thus, by part (ii) of Lemma 12.111 G'{g,p) is contractible, as required. □ 

Corollary 4.12. For every P-algebra morphism (/, /), the type isalgequiv(/, /) is a mere propo¬ 
sition. □ 


5. Homotopy-initial algebras 


Inductive algebras. Given a P-algebra C = (C, supj;;) and a type D, an equivalence of types 
f :C ^ D makes D into a P-algebra with structure map sup^ : PD —>■ D given by the composite 


PD 


p{r^) 


¥ PC 


supp 


^C- 


^D, 


where f~^ : P —>■ C is a quasi-inverse of / : C —>• P. In particular, for W = (Wx : A)B{x), if we 
have an equivalence f :W —t P, then the induced P-algebra structure supp : PD —>■ P defined 
as above is such that P also satisfies a form of the elimination rule for IT-types. We shall see 
that P satisfies the other rules as well, but with a weakened computation rule. 


Definition 5.1. We say that a P-algebra C is inductive if every fibered P-algebra over it has a 
P-algebra section, i.e. the type 

isind(C') =def (nP: FibAlg(C')) AlgSec(C',P) 

is inhabited. 

In complete analogy with the case of bipointed types, for a P-algebra C, the type isind(C') is 
a mere proposition. We also have the following analogue of Proposition Id.71 

Proposition 5.2. Homotopy-initial P-algebras are unique up to a contractible type of algebra 
equivalences, i.e. the type 

(nC : Alg)(nP ; Alg) (ishinit(C') x ishinit(P) —>■ iscontr(AlgEquiv(C', P))) . 

is inhabited. 

Proof. Let C and P be P-algebras. The type Alg(C', P) is contractible by homotopy-initiality of 
C. Since the dependent sum of a family of mere propositions over a mere proposition is again a 
mere proposition, it suffices to prove iscontr(isalgequiv(/)) for any P-algebra morphism /. This 
type is a mere proposition, as remarked earlier; thus it suffices to show it is inhabited. Since P is 
homotopy-initial, there exists a P-algebra morphism g : D ^ C. Again by homotopy-initiality of 
C and P, we have \d{gof, Iq) and \d{fog, l^i), which gives us the desired P-algebra equivalence 
between C and P. □ 

The next proposition characterizes inductive P-algebras by means of deduction rules, where 
we display premisses in multiple lines for lack of space. 

Proposition 5.3. Let C = (C, sup;;^) be a P-algebra. Then C is inductive if and only if it 
satisfies the following rules: 

(i) the elimination rule, 

z-.C h P(z):U 

X : A ,u\ B(x) ^ C, V. lliy. B(x))E{uy) h e{x,u,v): E{supq{x,u)) 


z:C\- elim(z, e): E{z) 
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(ii) the computation rule, 


z-.C h E{z):\J 

X : A, w. B(x) ^ C, v. iliy. B(x))E{uy) h e{x,u,v): E{supq{x,u)) 
x:A, u: B{x) C \- comp(a;, u, e): ld(elim(sup(;;(a;, u), e),e{x, u, (Ay : B{x))e\\m{uy, e))) . 


Proof. The rules are simply an unfolding of the definition of an inductive algebra. 


□ 


Below, when working with an inductive P-algebra, we will always assume to have constants 
elim and comp as in Proposition 15.31 We now show the essential uniqueness of algebra sections 
of inductive fibered algebras. 


Proposition 5.4. Let C = (C, supj^.) he a P-algebra. If C is inductive, then it satisfies the 
following rules: 

(i) the rj-rule. 


x\ A, u: B{x) 


z-.C 

C, e:(Ily:B{x))E{uy) 

z-.C 

x: A, u: B(x) C 


h E{z)-.\J 

h e(x,u,v)-. E(su-p(j(x,u)) 
h f{z)-.E{z) 

l~ ■■ \d{f{snpcix,u)),e{x,u,fu)) 


z:C \-y:\d{f{z),e\\m{z,e)) 


(ii) the coherence rule, 

z-.C h E{z):U 

X-. A, U-. B(x) ^ C, V-. lliy-. B(x))E[uy) h e{x,u,v): E(swpq{x,u)) 

z-.C h fiz)-.Eiz) 

X-. A,u-.B{x) ^ C h (l)x,u'-\d{f{snpc{x,u)),e[x,u,fu)) 

x-.A,u-.B{x) C\- : ld(77supc(a:,«) • comp(ai, u, e), (j)x,u - e{x,u, int(77„))) 

Before proving the proposition, observe that the paths fjx^u in the conclusion of the coherence 
rule can be seen as fitting in the diagram 


/(supc(ai,u)) 

4^x,u 

e{x,u,fu) — 


Vsiip(^ (x,u) 


e{x,u,\nt{r}u)) 


-7- elim(sup(; 7 (ai, u),e)) 

comp(a:,u,e) 

^ e{x, u, elim(x, u, (Ay : B{x)) elim(My, e))) 


Proof of Proposition \5.4\ For z:C, let us define T{z) =def ld(/( 2 ), elim(z, e)). With this nota¬ 
tion, proving the y-rule amounts to defining :T(z), for z:C. In order to do so, we apply the 
elimination rule for C. We need to show that, ior x-.A, u-. B{x) —>■ C and v : (By : B{x)) T{uy), 
there is 

t{x, u, v): T{svlP(^{x, u)) . 

Note that (Ay -■B{x)) Vuy is a homotopy between fu and (Ay -.B{x)) elim(uy, e). Hence, we have 
a corresponding path int(i;„). We can construct the required path as follows: 

/(supc(a:, u)) = e(a;, u, fu) by 

= e{x, u, (Ay :B{x)) elim(My, e)) by int(n„) 

= elim(sup(^(a:, u), e) by comp(a;, u,e)~^. 
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For z: C, we can then define 

Vz =def e\\m{z,t). 

For X : A and u: B{x) ^ C, the computation rule of Proposition 15.31 then gives us 
?7supc(a;,«) = • e{x, y, int(77„)) • comp(a:, u, e)~^. 

The path required to prove the coherence rule is then obtained using the groupoid laws. □ 

Corollary 5.5. For every P-algebra C, the type isind(C') is a mere proposition. 

Proof. Analogous to that of Corollarv l3.4l □ 

Homotopy-initial algebras. Exactly as in the case of bipointed types, the hypothesis that 
a P-algebra C is inductive allows us to show that for any P-algebra D, there is a P-algebra 
morphism f :C ^ D which is unique up to a P-algebra path, itself is unique up to a higher 
path, which in turn is unique up to a yet higher path, and so on. As before, we shall characterize 
this kind of universal property using the notion of a homotopy-initial P-algebra, which we define 
next. 


Definition 5.6. Let C = (C, supj;;) be a P-algebra. We say that C is homotopy-initial if for 
any P-algebra D = {D,supjj), the type Alg(C', P) of P-algebra morphisms from C to P is 
contractible, i.e. the following type is inhabilited 

ishinit(C') =def (nP : Alg) iscontr(Alg(C', P)) . 

We stress again that homotopy-initiality is a purely type-theoretic notion. Also note that, 
exactly as for homotopy-initiality of bipointed types, for a P-algebra C, the type ishinit(C') is a 
mere proposition. We have the following type-theoretic analogue of Lambek’s lemma, which will 
be used in the proof of Proposition 15.141 below. 


Lemma 5.7. Let C = (C, sup,;^) be a P-algebra. If C is homotopy-initial, then the structure 
map sup;;;;: PC C is an equivalence. 

Proof. This is a straightforward translation of the standand category-theoretic proof, but we pro¬ 
vide some details to illustrate where the contractibility condition in the definition of a homotopy- 
initial algebra is used. For brevity, let us write s : PC —> C for the structure map of C. 

We wish to construct a quasi-inverse to s : PC —>• C. In order to do so, we use the homotopy- 
initiality of C. First of all, observe that PC can be made into a P-algebra by considering the 
structure map Ps : PPC —>■ PC. Thus, by the contractibility of the type Alg(C', PC), there exists 
a P-algebra morphism {t,t):C ^ PC. We represent it as the diagram 


PC- 

pt 

PPC- 


- 4(7 




Ps 


-^PC 


Now, the composite st:C —)> (7 and the identity Ic ■ C ^ C are both P-algebra morphisms and 
so, by the contractibility of Alg((7, (7), there has to be a path p : ld(s o t, Ic). Using this fact, we 
can also show that there is a path q: ld(ts, Ipc)- Indeed, we have 

t o s = Ps o Pt ^ P(s o t) ~ P(lc) — Ipc ) 

where the first path is given by t, the second by the pseudo-functoriality of P, as in (HU, the third 
is the path p constructed above, and the fourth one is given again by the pseudo-functoriality 
of P, as in (14.1|) . □ 
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Proposition 5.8. A P-algebra C = ((7, sup;;;) is homotopy-initial if and only if it satisfies the 
following rules: 


(i) the recursion rule, 

L»:U 


(ii) the ft-rule, 


X : A,u: B{x) D\- sup£i(a:, u): D 
z:C \- rec(z, sup^,): D 


D'.U x:A,y: B{x) D h sup£,(a;, y): D 

x: A, u: B(x) D P(x, u, sup^,): ld(rec(sup(; 7 (a;, u), sup^,), sup£,(a:, (Xy : B(x)) rec(uy, sup^,))) 


(iiij the y-rule, 


D:U 

x:A,u:B{x)^D h supjj{x,u):D 
z-.C h f{z):D 

x-.A,u-.B{x)^D h : ld(/(sup(g(a:,y)),supj,(a:,/ m)) 

z-.A'rr],,: \d{f{z), rec(z, sup^,)) 

(iv) the {j3,r])-coherence rule, 

D-.\} 

x:A,u:B{x)^D h swpjj{x,u):D 
z-.C h f{z)-.D 

_ x:A,u:B{x)^D h (j)x,uAd{f{snpc{x,u)),supij{x,fou)) _ 

x:A,u:B{x) -P-C \- fja;,u ■ ld(^(a:, u, sup^,) • PsupcC.n) ,supj^(x, int(77„)) • 


Proof. The rules can be read as follows. The recursion rule says that, given any type D together 
with the function sup^,: PD D, i.e. any P-algebra, there is a function r :C ^ D defined by 
letting, for z:C, r{z) = rec(z, sup^,). The /?-rule implies that we have a homotopy /3: Hot(r o 
supj;;, sup^i o Pr) and so, by Proposition 14.81 we get a path r fitting in the diagram 



PD 


sup a 


We therefore obtain a P-algebra morphism (r, f) :C ^ D. The 77 -rule says that if / : C —>■ P is 
a P-algebra morphism, then there is a homotopy 77 : Hot(/, r). And the (/?, 77 )-compatibility rule 
says that 77 is in fact a P-algebra homotopy. Using again Proposition 14.81 this shows that there 
is a path from (r, f) to (/, /), thus proving the contractibility of Alg(C', D). □ 

Remark 5.9. As for bipointed types, the special case of the rules in Proposition 15.81 obtained by 
considering C = D and / = Ic provides some explanation for the terminology used to denote 
them. By the recursion rule, we obtain a function r : C —>■ C defined by r = {Xz : C)rec{z, sup(; 7 ). 
The /3-rule gives a homotopy with components (3x,u ■ ld(r(sup(;;(a:, u), sup(;;(x, ru), the 77 -rule gives 
a homotopy with components 77 ^ : ld(z, r(z)) and, finally, the (/3, 77 )-coherence rule, gives us a 
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homotopy with components fitting in the diagram 


supc(i 



{sup{x,u)) 


supc.(x.int(,)„)) supc(a:, ru). 


We can now state and prove our main result. 


Theorem 5.10. A P-algebra is inductive if and only if it is homotopy-initial, i.e. the type 

(nC : Alg)(isind(C') o ishinit(C')) 

is inhabited. 


Proof. Let C = {C, sup^^) be an inductive P-algebra. We wish to show that it is homotopy initial. 
For this, it suffices to observe that the rules in Proposition 15.81 characterizing homotopy-initial 
algebras are a special case of those given in Proposition 15.31 and Proposition 15.41 

For the converse, we proceed as in the proof of Theorem 13. 101 Let E = {E, e) be a fibered al¬ 
gebra over C. We need to show that there exists a P-algebra section (s, s), where s : (Ila;: C)E{x) 
and 

s: (Jix: A){\iu: B{x) —(7)^ (s(sup( 7 (a:, u)), e(a::, u, su)) 

We consider the P-algebra (P',sup^/) associated to E. Recall that E' =def {E‘Z:C)E{z) and 
sup^/ : PE' —>■ E' is defined so that, for x : A and u : B(x) E', we have 

SUp£;/(x,tt) = (supQ{x,Triu) , e{x,TTiU,TT2u)) . 

In this way, the first projection tti : P' —^ (7 is an algebra morphism, represented by the diagram 


Ptti 



supc 


By the homotopy-initiality of (7, there exists an algebra morphism (/, /): ((7, sup;;;) ^ (P', sup^;/), 
which we represent with the diagram 


sup^ 

PC -—— >c 


Pf 

PE' 


4/ 


supe' 


E' . 


Let (j) =def (ext/) the homotopy associated to the path /. We write /i: (7 ^ (7 for the composite 
TTi/ : (7 —>■ (7, which is a P-algebra morphism. The path 



supc 
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is given by the pasting diagram 



suPc 


Let (f)i =def (ext/i) be the homotopy associated to the path fi. Unfolding the definitions, we 
have that, for x : A,u: B{x) —>■ C, 

^Xt (f>x,U • (^*1) 

By the homotopy-initiality of C and Lemma [4.41 there exists a P-algebra homotopy 

(a,d): AlgHot(/i,lc), 

where a: Hot(/i ,1c) and, for X: A, u: B(x) C, the path ax,u fits into the diagram 


/isupc(a;,u) 

^sup(j(x,u) 

supcix,u)- 




■U- ttx.u 


U,u 


■>supc(a;,/lu) 

sup(;^(tc,int(Q;i4)) 

-4- sup(; 7 (a;, u). 


(5.2) 


Here, int(a„): ld(/iu , u) is the path associated to the homotopy (Ay : B{x))auy ■ Hot(/iM, u). We 
define the required section s : (Hz : C)E{z) so that, for 2 : C we have 

SZ =def {ctz)\{f2z) , 

where ( 0 , 2)1 : E{fiz) — E{z) is a transport map associated to the path 02 : ld(/iz, z). It now 
remains to define, for each x : A and u : B(x) C, a path 

s(x,u): ld(s(supc(x, u)) ,es(x,u)) , 

where Cg is defined using the formula in (14.411 . Unfolding the definitions, our goal is to show that 
(o:supc(x,n))!(f 2 supc(x, u)) = e{x,u, {Xy: B{x)){auy)\if 2 uy)). (5.3) 

Our goal will follow once we show the following: 

Claim 1. asupc{x,u) = supc(a:, int(a„)) ■ (())i)x.« 

Claim 2. ((((,i)x .«)!(/2 supc(x, u)) = e{x, fiu, f 2 u). 

Claim 3. (supc(a:, int(o„)))! e{x,fiu,f 2 u) = e{x,u, {Xy : B{x)){auy)\if 2 uy)) . 

Inded, the required propositional equality in (15.31) can then be obtained as follows: 

(asupc(a,,u))!(/2Supc(a:,u)) = (supc(a:, int(a„)))! {{(I)i)x,u)\if2supc{x,u)) (by Claim 1 ) 

= (supc(a;, int(ati)))! e(a;, fm, f 2 u) (by Claim 2) 

= e{x,u, {Xy : B{x)){auy)\{f 2 uy)) (by Claim 3). 

We conclude by proving the auxiliary claims stated above. 


Proof of Claim 1. This follows by the path in the diagram in (15.211 . 
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Proof of Claim 2. Recall that the homotopy (f) has components 

: \d{f SUPc{x,u) ,SUPe'{x, fu)) 

Thus, by the characterization of paths in E-types, we have 

p:\d{fisupc{x,u),snpc{x, fiu )), q : \d{p]{f 2 supc{x,u)), e{x, fm, f 2 u)) , 
where p =def ext^(^a;,« and q =def "^2 ext^ (t)x,u- The claim now follows by (15.11) . 

Proof of Claim 3. Observe that for all a : A, p: ldB(a)-s.c(^i: O) and v : (11?/: B{a))E{tiy), we have 

(supc(a,p))! e(a, <!,?;) = e(a, 0, (Ay : B(a))((extp)y)! ?;?/)) . 

by Id-elimination. If we apply this to x: A, int(a„): ld(/i??, u), and f 2 U : (11?/: B{x))E{fiuy), we 
get 

(supc(a;, int(au))), e(xjiu,f 2 u) = e{x,u, {Xy : B{x)){{auy), f 2 uy)) , 
as required. □ 

Corollary 5.11. For every P-algebra C, there is an equivalenee isind(C') ~ ishinit(C'). 

Proof. Theorem 15.101 gives us a logical equivalence, but both types are mere propositions. □ 

Below, when we assume the rules for IT-types (as in Table we always write W for 
(Wa:: A)B{x). 

Corollary 5.12. Assuming the rules for W-types, for a P-algebra C the following conditions 
are equivalent: 

(i) C is induetive, 

(a) C is homotopy initial, 

(Hi) C is equivalent to W as a P-algebra. 

In partieular, the type W is a homotopy-initial P-algebra. □ 

Corollary 15.121 provides the analogue in our setting of the characterization of W-types as 
a strict initial algebra in extensional type theory. It makes precise the informal idea that, in 
intensional type theory, W-types are a kind of initial algebra in the weak (oo, l)-category of 
types, functions, paths and higher paths. 

Lemma 5.13. Assuming the rules for W-types, for all a?, 02 : A, < 1 : B(xi) —?■ W, t 2 : B{x 2 ) 

W, there is an equivalenee of types 

Idw(sup,^(ai,ti),supvi/(a2,<2)) ldpw((ai,<i), ( 02 ,^ 2 )) • 

Proof. By Lemma [5771 and Corollarv l5.121 sup^y : PW —>• IT is an equivalence. □ 

We remark that IT-types preserve homotopy levels, in the following sense (see [11)1. 

Proposition 5.14. Assuming the rules for W-types, if A has h-level n -I- 1, then so does the 
W-type (Wcc : A)B{x). 

Proof. We need to show that for all w,w':W the type ldw(??;, ??;') has h-level n. We do so 
applying the elimination rule for W-types on w : W. So, let x : A,u: B{x) —> W and assume the 
induction hypothesis 

(*) for every y : B(x), for every w ': W, the type ldw(uy, w') has h-level n, 
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and show that for every w': W the type ld(sup^(a:, m), u;') has h-level n. We apply again the 
elimination rule for W-types. So, let x' : A, u': B{x') -5- W and assume the induction hypothesis 
(which we do not spell out since we will not need it) and show that ld(sup^,[/(a;, u), sup^;[/(x', u')) 
has h-level n. We have 

ldvv(sup^y(a;,u),sup^y(a:',M')) — \^Pwiix,u), {x',u')) 

~ (Sp: ldA(a:, x')) \dB{cc)^w{u,P*{u')) 

~ (Sp: ldA(x, x')) ld(M, (Ap : B{x)) u'{p\ y)) 

~ (Ep: ldA(a:,a:'))(np : B{x)) \dwiuy,u'{p\ y)) . 

Here, the first equivalence follows by Lemma 15.131 and the other equivalences follow by stan¬ 
dard properties of the transport functions. Since A has h-level n -|- 1 by assumption, we have 
that ld. 4 (a:, x') has h-level n. Also, for anyp: ld. 4 (x, x') and u : B{x) —>■ W, the type \dw{uy, u'{p\ y)) 
has h-level n by the induction hypothesis in (*). The claim follows by recalling that the h-levels 
are closed under arbitrary dependent products and under dependent sums over types of the same 
h-level. □ 

We note that the h-level of (Wx:A)B{x) does not depend on that of B(x). Furthermore, 
assuming that we have a unit type 1, the lemma is no longer true if n -I- 1 is replaced by n, as 
the following example illustrates: if A =def 1 and B{x) =def 1, then (Wx: A)B(x) ~ 0, which is 
not contractible. 

Univalence for algebras. We conclude the paper with some applications of the univalence 
axiom. The first is that, just as for bipointed types, a form of univalence holds also for P- 
algebras, as the next theorem makes precise. 

Theorem 5.15. Assuming the univalence axiom, the canonieal function 

: ld(C', D) AlgEquiv(C', D) 
is an equivalence for every pair of P-algebras C and D. 

Proof. Let C = (C, sup(;j) and D = (iA,sup£,) be P-algebras. By the characterization of paths 
in E-types, ld((C', sup^), {D,supb)) can be expressed as the type 

{T,p:\d{C,D)) ld(supc,P*(sup£,)) . 

By path induction on p and the characterization of paths in H-types, this type is equivalent to 

(Ep: ^((7,1?))(nx £ A)(nu : B{x) W)ld((extp)(sup(; 7 (x, u)), sup£,(x, (extp) o u)) , 

where ext: ld(C', U) —Equiv(C', U) is the canonical extension function for the identity types of 
elements of U, asserted to be an equivalence by the univalence axiom. Hence, the above type is 
equivalent to 

(E/: Equiv(C',U))(nx: A)(nj/:H(x) W) ld(/(supc(x, m)), sup£,(x,/u)) . 

After rearranging, we get 

(E/ : Alg((C', supc), (U, sup£,)) isequiv(/). 

By Proposition 14.111 this type is equivalent to AlgEquiv((C', supf;^), (U, sup^,)), as desired. Fi¬ 
nally, it is not hard to see that the composition of the above equivalences yields, up to a homotopy, 
the canonical function ext which is therefore an equivalence, as required. □ 

The following corollary, still obtained under the assumption of the univalence axiom, shows 
that homotopy-initial algebras are unique up to a unique path. 
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Corollary 5.16. Assuming the univalence axiom, homotopy-initial P-algebras are unique up to 
a contractible type of paths, i.e. the type 

(nC : Alg)(ni? : Alg) (ishinit(C') x ishinit(_D) —iscontr(ld(C', H))) . 

is inhabited. 

Proof. This is an immediate consequence of Theorem 15.151 and Proposition 15.21 □ 
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